Comlolex tor:

3 L[i,o tic curves

./%Oalu,lé S,ches



Recalt: Complex tori
dot N =AU+ 07 be a lauttce o T

A complex — torsus is a 7w0£z'eni Of the  complex
plane by a  lattice C /.

HA natural Wesé/on ,' cLass/fy complex  tors

as Riemann  sur+aces.
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PWOPOSH,L/'OVL.' 5(/(,/3/0056 2 @\/JL,,"> C/L, /s a
{%oﬁomar/o%/c WL%D 5@7%{@@@ com/olex iom’,

Then  there exist complex numbers m, g
with ml, e, such +that

P(z+ M) = mz+6+ /L,
The map s invertible if and onlj e m L, -1,

Proof:



let @ C - C b a oft of
Gz = 9z) (mod L.)

We have
LP(Z+ 9\> LP(%)+ /%%) A€ JL” /W;LGJLZ.
0( N ~
Therefore dz f(2+2D = %W(Z) for all nel,.

Bg Liowvitlers +heorem %Cﬁ(z) = const

Therefore ?ﬁ(z)= mz+6 for some m Be C

m(=z+0\) +6 = m=2+ 6 (mgpl /LZ> fOY‘ all %GJL
implies m S, < A,



lemma.: For each Complex toeus T/ there
exists a wnigie T € PsL, (Z)\ R
such — that /= C/(z+ T Z)

Foof : let N =22+ 2,7, 2., 2, € C, 04»7@(//21,7‘/&3:2.
K N upper hal- plane

?\/,, /7\1 c d: \ [R % <——LDWer half - PLane
Cither A, /A, or A,/ A, gelonfg t %

MUY+ A Y = /,\4.(74+/%27_\)
Thecesore  C/ (2, U+ 271~ Qf/(71+ %ZD
ns a R{emanm, surface



[ed <? i € SLZ(Z> and, T € A

U+ T UL = (aTt+E)YU + (cT+d) Y =

ac+b
= (cwa[)- (’Z_ il = 71}.
There fore

Q:/(’Z/_Jr”t:Z) = @/(Z+ izjﬁ 7[> as a /Q/emam surface.

Claim; Aot @,Tzéﬁb, Then C/(2+T2)= C/(2t227)

as a RS if and only f T, = (f i) T, for <ome
(20) e sL, (.



MOa/uLi space for comlolex tor/

/; sL, (ZON\A

d/--/‘;j_:‘ C/(z+=2)
4 L/




Modulavr forms

Zef oé be  the  set of lattices wn T
DeJC.' JQ- fw:mé/om, f oC%@: L)as U/e/ /775 /( /jff

even, Jce, er

f(@-]t)_ ‘KJC(,/L) JLe‘oZ: ae €
Then for T € A , ) N e SL, ()
f(z+t2) = £ @ued)Z + CcoedyL ) =
- Ccoed) (20 25D,
possibly non- holomorphic funchions that trawshom {ike

FW\C;HOV;S ok we;'gh/t /< on 0(/ % MOOQLZCZ/“ J[]OI”VWS QJ[ WQﬁéf
K on




5“.&,:4:&(; {functions

Deg: 04 fumc}c(’on giq_:ﬁq: i< BUL'p-E/'c, with
respect W S iff
® { s wmeromorphic on C
g f 1S »A«“Pefl’odl'c:
LC=z+2) = §$C=2) for all 2€CC) e

In  other Wom/g; f Q:/JLﬁ C p’ 5 « memmor/b%/c;

function,

Notation : E(JL\ = C C CE/JL\>



Jewma

Proof ;

Weierstrass function

ST 2 L

e fN1o}

@Jb s an e/lc'/ml/'c, fMC'é/D/b
to S

( (-2 - 5°)

with  resp ect



m o . T/ — Q,—/P4 has exacél(y one /bo}e'
Thrs PDQQ s ot the /30/}1‘1' O ( mod JL> ancl
it has  order 2 |

® o’eg () =2
o @(27):‘63(22) = Z, =iz (ma%_/l_\_

o lfe camification FOI'M%S of JL are
the 7 pouts of zA (mod J)
ot =2, 7 + 2,2 The mm’f/'cm‘/% [a+€ are

//\7 //\1 2’I-‘-?"L
O =z P Tz ; 2 mod. ,/L

J
o - (L), =P (), a-P(1)

€., &, , e. ofe 0[’,'34-:'14(;'& COM/O/e)( HLLM@EV‘S\,




&mma,: The We/'ers%rass fwnc%/on, Qenerafes the
subfield of all even elliptic functions i E(L):

E(WD e, = TP,
P(oof.' O(Q/'t f c E<A>even/.

Consider a Junction Or&wbc) ‘mu@jw(@
gcz> = 11 (P - Pu)
Wé@/ﬁ)/{i 13

w % O mod 5
Thew  +he Lunction g has  veither 2e(0es

hot \so\es. T‘Aere;(ore g’ = const P €@<@> 7



T%e fumc%ion @/(%)t'lz (‘3&—’?\)_3 s odd
XN

Z@VVLWL(L! The field of all eLZL'/ai-/'C_ functions Afor a
Cattice L is generated 6y 1 and “@/;
E(A) = TP, ).

T and 7@/ e e«'wear@g /'wa{e/oemo/euf.

() Ace  thece algebraic velations fetween ° and @/,?



Recall : @/(%j = - ZZ (2 - 7‘53
e

The divisor of \6)/ s .
-AL o]\ + 114 mod JL] + ): 7\21 mod -/\:l“L [7\1”\1 mod, -/\—1 )

2

, 2
(@) S even  and  therefore gelongs o COP).
2

(P2 (PP (PP () (fr-7C2)

(,L’S to a VM(,(Q'E('/O Lfca%/'ﬂ)‘e COWS%QV)‘b

(1 How to find  4this  constant ¢




Eisenstein secies & Lawvent expansion of 1

-k

Def.‘ E:‘seV\SJrez'm, series G:K( _/LS; = L A
Ne N0}
k =4 even

lemma: TRe Z@urenf expansion. of YO Is
(A)Z"

0

Y =2"+ 2 (DG

n+
n=2 e
n evew

for all 2 such that 0<lzI< i§ fw ] we ndol)

Proof' 4 A = n 0=
' 5y = — = N+ 7z - A
(2= Nt nzq (n+1)



m <"§>/(%)>z: 4(1@(&)>3— gJ/L)F(%)— 23<J\’>

whece %Z(JLBZ 60@, (—/\—> and 33U->: 140 G, (ML)

Proof; S 4
(@7%}) = é - 249 @;‘/-P = SOG'é(JL>+(9('—ZZ>
49E) = 9,(L)P() - g, (1) = e

Therej'gre ‘éhe €ZZL'/O7L/C JCMMC‘J{/'OM,
(¢ - (H967 - .Y~ g,(0))

has no poles and  has a zero at 7 =0
Thus , th's  function /s identically zero



(€,% ) Complex torus — Ellistic curve
C /_/L = J/L-: 4:(:3122(/1_)1-%09

m: The Fo('ers ( ﬁ)(?D,ﬁJ (24\3) (R¢ 223,63/(@))) (63[2331@//2&\)
ase. c/owt’)ea/(' /'f Mﬂ/ Ong/ /'f Z4+ 22j ?5=0 moa/ .



De{ :

An  enhanced e[&'/o%/'c curve for‘ /; [/1/)

IS an ordered pair = C) where E i5a
com/o/ex eﬂdpé[a cwrve and. C /5 a afo//'c
ngjr‘a%b of E of order /l/

Two  such pairs (E, C) and ( E)/ C) are qm'v—ale«//f
i some /'50m0r,p/n'sm E L' +takes C 1o C

'~ ESquimlence  classes  of
[, (W < T
(1N P T enhanced  ellipthic  carves Hfor [)



Def :

th emﬁ)amceol eléa'/m[/'c curve for /:[/7/)

5 an ordere d. /Da//'T‘ (E)Q) where E 5 a
complex.  elliptic  curve  and Q point of E

of order /Y. ,

Two  such /ba/'fs ( E) Q) and ( E)/Q ) are 674(/'7)77[2/#5
i some /50/770//5/;/'5/71/ E L' takes @ to Q/




Qei‘ HAn  enhanced eléd/o%/’c curve J[OF /,(ﬂ/)
5 an  ordered pair (E,(PQ)where E 5 a
com/a/ex eﬂd/@él'a curve and. ( fi Q) s a pair of
points  of E that generates the N- Corlsion sebaroup Elv]
with Weil PQ/V/hj e/,/ (’Ej Q> =144
Two  such /ba/rs ( E)( GQ» and ( E)/(Fj/Ql)) are efm‘v’alewf /
i some /'50m0;f,p/;/'sn’1/ E %L takes (F Q) to (P,/ Q)




