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Piece: Complex Tori

Let A. = xik -1%71 be a lattice in 1C
.

A complex tarsus is a quotient of the complex

plane by a lattice ¢1k .

A natural question : classify complex Tori
as Riemann surfaces .

±
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Proposition : Suppose y : EH , → I/Xz is a

holomorphic map between complex Tori .
Then there exist complex numbers m

,

8

with mA
,
c- Az such that

✗ (2-+14) = mztb + Az .

The map is invertible if and only if mA, -112 .

Proof :



Let Ñ : ① → 1C be a lift of 4 :

Ñ ( z) = YCZ ) ( mod Az)
We have

Ñ( 2- + a) = Ñ (z) + plx , AE Xi
, MxEXz .

Therefore d_dzÑ( 2- +7) = ¥zÑlz) for all XEJL , .

By Liouville 's theorem Ñcz) = const
.

Therefore Ñ (z ) = mz -16 for some m
,

bee
.

m( 2- + 2) +8 = mz + 8 (mod Az ) for all XEA ,
implies mA

,
C- Az

.
☒%



Lemma : For each complex torus ¢1k there

exists a unique t E PSLz(2)1h
such that %L=Q/(It c-⇒

Proof : Let 11=4471--1%71 , ✗ ^ , ✗ZEE, dim,R( 1127+112×21--2 .
-upper half- plane

X
, /Xz C- G) IR = h# hear lower half - plane
Either X

, /7 , or Xz / X , belongs to h
.

771-1271 = an • ( 7- + ¥
,

Therefore 0/(771+172)=0/(71-+1,71)
as a Riemann surface

.



Let ⑨ G) e sLz(⇒ and te h

I + c- I = (at + b) It (Cttd) I =

= (ett d) • ( It ¥¥d⇒ .

Therefore

I/ (I + c- 2) = ①/ ( 7- + 1) as a Riemann surface .

Claimim Let I. t.ch .

Then 0/(71-+971)=0/(2+52)
as a RS if and only if -4=19 G) tz for some

⇐ %) c- Slztk) .



Moduli space for complex tori

fit slztkh
1
Iµ..T ICICI + c-2)
→

a-



Modular forms

Let ↓ be the set of lattices in E.

Def : A function f :L → E has weight K iff
even integerto

f- ( a.A) = a-
k

f- (A)
,
Ned

,
a c- E.

Then for te h
,
( E G) c- Slack)

f- (71-+1-71) = f- ( (at-185k + (Ctt d)1) =

= @ e- + d)
'<

f- ( 7- + eI) .

possibly non - holomorphic functions that transform like

Functions of weight K on £ ⇒ Modular forms of weight
K on h



Elliptic functions
Def : A function f :D → ① is elliptic with

respect to A iff
• f is meromorphic on ①

• f is A- periodic :

f- (2--13) = f- ( z) for all 2- EE
,

NEIL

In other words : field → 01101 is a meromorphic

function .

Notation : ECJL) = ① ( CIA)
.



Weierstrass function

Def : p, Cz)
: = -52+-2

DEMO}
( ( Z - 352 - a-2)

Lemma : Px is an elliptic function with respect
murmur

to JL
.

Proof :



Lemmaim • P : EH → EP
"
has exactly one pole .

This pole is at the point 0 ( mod A) and
it has order 2

.

• deg (D) = 2

• Pcz
,) =P ( Zz) <⇒ 2-1=-1-2-2 ( mod A) .

• The ramification points of JL are

the 4 points of IA ( mod d)
Let A. = 7,71 + ✗it

.

The ramification pts are

0
,
¥

,
¥

,

"
mod 1L

.

• e
, :=P( ¥7

,
ez : =P (E)

,
es :=P(7¥)

en
, ez , es are distinct complex numbers

.



Lemma: The Weierstrass function generates the
mun

subfield ofall even elliptic functions in EC1L):

E(even =KKO).

Proof:Let f 6 E(X) even
Consider a function order(f)ir
q(z):

= ↑(P(z) - P(c))
·

we(k/s)/[I )
e FO mode

f
then the function I has neither zeroes,

I
nor poles. Therefore g:const => f =K(P)

11.



The function P'(Z) = -2-2 (2--7)-3 is odd
.

XEJL

Lemma : The field of all elliptic functions for a
mmmm

lattice 1L is generated by P and P
'

:

E( A) = ① (P ,P
'

)
.

P and P
'

are linearly independent .

Q : Are there algebraic relations between P and p
' ?



Recall : P'(⇒ = -2-2 ( z - 75?
✗ EJL

The divisor of P
'

is :

-3[ 0] + [ F. mod A) + [ ¥ mod A) + [% mod A]
.

(P
' } is even and therefore belongs to ① (P)

.

(PlzÑ :(Pcz) -PCE))(Plz) -P(⇒)(Plz)-80¥))
E-
up to a multiplicative constant

Q : How to find this constant ?



Eisenstein series & Laurent expansion of P
g-
K

Def : Eisenstein series G< ( JL) : = -2
DEMO}

1<>-4 even
.

Lemma : The Laurent expansion of P is

oo

Plz) = 2--2-1 I ( n -11)Gn+z(A) zn
h=2

n even

for all 2- such that 0<12-1 < inf { lwl : went}}
00

Proof : ¥⇒z - ¥ = ¥
,

(n -11) 2-
"

• I
""



Lemma:(P'(2-7)=4 (PczÑ- go.CA) plz) - g> (A) .

murmur

where go.CA)= 609, (d) and gs(A) = 140 Gold) .

Proof :
(p'czÑ=¥-24G¥#-8OG+z①

4pCzP - g. (A)Plz) - g > (A) =

Therefore the elliptic function

(p'CzÑ - (4pczP - g. (A)Plz) - go.CN)
has no poles and has a zero at 2=0

.

Thus
,
this function is identically zero ☒%



(p ,P
'

) : complex torus→ Elliptic curve

①HL E : yf-%c3-gmx-g.CA)
P

i

P÷y
Pipe

temmam : The points (pcz.jp/CZnD,CPCzz7,PtzzD,(plzD,p4zi)
are collinear if and only if -2,1-2=+2-5-0 mod A.



Ref:An enhancedelliptic curve for To(N)
is an ordered pair (E, 2) where E isa

complex elliptic curve and C isa cyclic
subgroupofE oforder N.

Two such pairs (E,C) and IE,C) are equivalent
if some amorphism EE takes C to C

~

To(N)h => Equivalence classes of
1:1 enhanced ellipticcurves for TIN)



Re:An enhancedelliptic curve for II(N)
is an ordered pair (E,Q) where E isa

complex elliptic curve and a pointofE

oforder N.

Two such pairs SE,Q) and IE,Q) are equivalent
if some morphism EE takes Qto Q



Ref:An enhancedelliptic curve for 5(N)
is an ordered pair (E,(P,Q) where E isa

complex elliptic curve and (P,R) is a pair of
points ofE that generates the N-torsion subgroup EIN]
with Weil pairing EN(P,Q) =e4N

Two such pairs (E,(P,a) and (E',all are equivalentI

if some morphism Es El takes (P,0) to (P,Q').


